I. INTRODUCTION
Notch filters have been an effective means for eliminating narrowband or sinusoidal interferences in certain signal-processing applications ranging from power line-interference cancellation for electrocardiograms to multiple sinusoidal interference removal for corrupted images. For the one-dimensional (1-D) case, several methods for the design and performance analysis of IIR and FIR notch filters have been developed [1] - [5] . For the two-dimensional (2-D) case, [6] and [7] proposed a method that reduces the design of a stable IIR 2-D notch filter to the design of a 2-D parallel-line filter and a 2-D straight-line filter. However, the IIR notch filter in [6] is nonlinear phase, so it is meaningful to design a linear-phase notch filter for the image processing applications. Thus, an approach for 2-D linear phase FIR notch filter design will be addressed in this paper.
In the 2-D filter-design literature, the singular value decomposition (SVD) has been widely used to reduce the 2-D filter-design problem to a set of 1-D subfilter-design problems. The design examples of the low-pass, bandpass, and fan digital filters have been investigated in [8] and [9] . In this paper, we will use the SVD method to design a 2-D FIR notch filter. Due to the simplicity of the specification of the notch filter, this SVD-based design has the following two unique features which do not exist for general filter-design cases in [9] . First, the SVD of the sampled magnitude response matrix of the desired 2-D linear phase notch filter reveals that the design problem can be solved by only finding two pairs of 1-D transfer functions. Second, the approximation of each 1-D transfer function involved has the closedform formula without requiring any iterative optimization procedure. Due to these two features, it is interesting to investigate this design problem in this paper. 
where the 1-D FIR filters are denoted by
with N k odd (k = 1; 2). The linear phase constraints on f k (z k ) and
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Substituting (7) into (4), the frequency response of the proposed 2-D FIR filter can be written as
where the magnitude response is given by
Now, we will design 1-D filters f k (z k ) and g k ( 
Based on this fact, the task of designing a linear-phase 2-D FIR notch filter reduces to the following two approximation problems: 1) find filter coefficients such that M f (! k ) approximates M df (! k ) for k = 1; 2, and 2) find filter coefficients such that M g (! k ) approximates M dg (! k ) for k = 1; 2. In order to satisfy jH d (! 3 1 ; ! 3 2 )j = 0 exactly, the following constraints need to be imposed:
We are now in a position to derive closed-form least squares solutions to these approximation problems. 
Using the matrix inversion formula for vectors r and s, i.e., 
There are two problems with (23) that need to be addressed. First, as a common problem with a least-squares design, the filter with is from the (2N +1)-point Hamming window. The factor 2 introduced in (27) turns out to be necessary to satisfy a constraint at the notch frequency, as will be seen next. The second problem that needs to be dealt with is that the constraint f(! 
and using (23), (27), and (29), we obtain In summary, we have obtained a closed-form least-squares solution to the approximation problem in (37) subject to constraint (46). This (2N + 1)th-order filter has odd symmetric coefficients 
III. DESIGN EXAMPLE AND APPLICATION
In this section, one design example of a linear-phase FIR notch filter is first illustrated. Next, we use the 2-D FIR notch filter to remove sinusoidal interferences superimposed on an image.
Example 1: FIR Notch Filter Design
In this example, we use the procedure stated in Section II to design a 2-D linear-phase FIR notch filter with notch frequency performance of the designed filter better, Fig. 3(b) plots the loss (1-gain) instead of the gain. From the result, we observe that the magnitude response has small ripples in the vicinity of the notches.
Example 2: Single Sinusoidal Interference Removal
In the example, we will use the 2-D FIR notch filter to remove a single sinusoidal interference superimposed on an image. The scenario of the experiment is the same as the one described in [6] except that the image size here is 256 2 256. The image shown in 
IV. CONCLUSIONS
In this paper, the 2-D FIR notch filter-design problem has been investigated. First, the SVD is used to reduce the 2-D notch filterdesign problem to two pairs of 1-D filter-design problems. Then, we provide the closed-form solutions for the design of two pairs of 1-D FIR filters. Finally, several design and application examples are presented to demonstrate the performance of the proposed design methods. However, only fixed notch filters are considered here. Thus, it is interesting to develop a 2-D adaptive notch filtering algorithm. This topic will be studied in the future.
